The overview is given of the results obtained recently in the course of renormalization-group (RG) study of two-dimensional (2D) models. RG functions of the two-dimensional n-vector λφ 4
The field-theoretical renormalization-group (RG) approach proved to be a powerful tool for calculating the critical exponents and other universal quantities of the basic threedimensional (3D) models of phase transitions. Today, many-loop RG expansions for β-functions (six-loop), critical exponents (seven-loop), higher-order couplings (four-loop), etc.
of the 3D O(n)-symmetric, cubic, and some other models are known resulting in highprecision numerical estimates for experimentally accessible quantities [1] [2] [3] [4] [5] [6] [7] . The main aim of this paper is to demonstrate how effective (or ineffective) is the field-theoretical RG machinery in two dimensions where i) the RG series are stronger divergent and ii) singular (non-analytic) contributions to RG functions are expected to be larger than for 3D systems.
The Hamiltonian of the model describing the critical behavior of various 2D systems reads:
where ϕ α is a real n-vector field, m Since the four-loop RG expansions at n = 1 have been obtained many years ago [1] , we are in a position to find corresponding series for arbitrary n and to calculate the five-loop terms. The results of our calculations are as follows [8] : 
the refined expression for the five-loop contribution to γ −1 is taken from [9] . Instead of the renormalized coupling constant g 4 , a rescaled coupling
is used as an argument in above RG series. This variable is more convenient since it does not go to zero under n → ∞ but approaches the finite value equal to unity.
To evaluate the Wilson fixed point location g * and numerical values of the critical exponents, the resummation procedure based on the Borel-Leroy transformation
is used. in Table 2 for 0 ≤ n ≤ 8 (to avoid confusions, let us note that models with n ≥ 2 possessing no ordered phase are studied here only as polygons for testing the numerical power of the perturbative RG technique). As Table 2 demonstrates, the numbers obtained differ appreciably from numerical estimates for g * given by the lattice and Monte Carlo calculations [10] [11] [12] [13] [14] [15] [16] ; such estimates are usually extracted from the data obtained for the linear (χ) and non-linear (χ 4 ) susceptibilities related to each another via g 4 :
Since the convergence of the numerical estimates for g * given by the resummed RG series is oscillatory, an account for higher-order (six-loop, seven-loop, etc.) terms in the expansion (3) will not avoid this discrepancy [9] . That is why we believe that it reflects the influence of the singular (non-analytical) contribution to the β-function.
The critical exponents for the Ising model (n = 1) and for those with n = 0 and n = −1 are estimated by the Padé-Borel summation of the five-loop expansions (4), (5) 
which possess a regular structure favouring the rapid convergence of the iteration procedure.
The typical error bar thus found is about 0.05.
The results obtained are collected in Table 3 . As is seen, for small exponent η and in some other cases the differences between the five-loop RG estimates and known exact values of the critical exponents exceed the error bar mentioned. Moreover, in the five-loop approximation the correction-to-scaling exponent ω of the 2D Ising model is found to be close to the value 4/3 predicted by the conformal theory [17] and to the estimate 1.35 ± 0.25 extracted from the high-temperature expansions [18] but differs markedly from the exact value ω = 1 [19] and contradicts to the conjecture ω = 2 [20] . This may be considered as an argument in favour of the conclusion that non-analytical contributions are visible in two dimensions.
The field theory enables us also to find the higher-order, sextic coupling constant entering the free energy expansion in powers of the magnetization M. For 2D Ising model
where m is a renormalized mass, Z being a field renormalization constant. In the critical region, where fluctuations are so strong that they completely screen out the initial (bare) interaction, the behaviour of the system becomes universal and dimensionless effective couplings g 2k approach their asymptotic limits g * 2k . In order to estimate g * 6 we calculate RG expansion for g 6 and then apply Pade-BorelLeroy resummation technique to get proper numerical results. As is well known, accurate enough numerical estimates may be extracted only from sufficiently long RG series. We have obtained the expression for g 6 in the four-loop approximation [21] which turned out to provide fair numerical estimates for the quantity of interest.
The method of calculating the RG series we used in [21] is straightforward. Since in two dimensions higher-order bare couplings are irrelevant in RG sense, renormalized perturbative series for g 6 can be obtained from conventional Feynman graph expansion of this quantity in terms of the only bare coupling constant -quartic coupling λ. In its turn, λ may be expressed perturbatively as a function of renormalized dimensionless quartic coupling constant g 4 .
Substituting corresponding power series for λ into original expansion we can obtain the RG series for g 6 . As was shown [22, 23] , the one-, two-, three-and four-loop contributions are formed by 1, 3, 16, and 94 one-particle irreducible Feynman graphs, respectively. Their calculation along with the renormalization procedure just described gives: 
This series may be used for estimation of the universal number g * rather than the renormalized coupling constants themselves:
we work with the RG series for R 6 . It is resummed in three different ways based on the For the fixed point coordinate the value g * 4 = 0.6124 [24] is adopted which is believed to be the most accurate estimate for g * 4 available nowadays. The optimal value of b providing the fastest convergence of the iteration scheme is then determined. It is deduced from the condition that the Pade approximants employed should give, for b = b opt , the values of R * 6 which are as close as possible to each other. Finally, the average over three estimates for R * 6 is found and claimed to be a numerical value of this universal ratio.
The results of our calculations are presented in Table 4 . As one can see, for b = 1.24 all three working approximants lead to practically identical values of R * 6 . Hence, we conclude that for 2D Ising model at criticality
How close to their exact counterparts may these numbers be? To clear up this point let us discuss the sensitivity of numerical estimates given by RG expansion (11) to the type of resummation. The content of Table 4 Since for b varying from 0 to 15 (i.e., for any reasonable b) the magnitude of g * 6 averaged over these two approximations remains within the segment (1.044, 1.142) it is hardly believed that the values (13) can differ from the exact ones by more than 5%.
Another way to judge how accurate our numerical results are is based on the comparison of the values of g * 6 given by four subsequent RG approximations available. While within the one-loop order we get g * 6 = 2.633 which is obviously very bad estimate, taking into account of higher-order RG contributions to g 6 improves the situation markedly. Indeed, two-, three-, Zinn, S.-N. Lai, and M. E. Fisher analyzing high temperature series for various 2D Ising lattices found that R * 6 = 2.943 ± 0.007 [26] ; almost identical value was obtained in [27] . Our result for R * 6 is seen to be in a brilliant agreement with this number. Of course, practical coincidence of the lattice and four-loop RG estimates is occasional and can not be considered as a manifestation of extremely high accuracy of the methods discussed. The closeness of these estimates to each another, however, unambiguously demonstrates high power of both approaches. Moreover, such a closeness shed a light on the role of a singular contribution to g 6 which can not be found perturbatively: this contribution is seen to be numerically small.
It is interesting also to address the results given by another field-theoretical approachthe ǫ expansion. For the Ising systems three terms in the ǫ expansion for R 6 are known [28] :
Let us apply a simple Padé-Borel procedure to this series as a whole and to the series in brackets and then put ǫ = 2. We find R * 6 = 3.19 and R * 6 = 3.12 respectively, i.e. the numbers which differ from our estimate by less that 9%. Keeping in mind lack of a small parameter these values of R * 6 may be referred to as consistent. Proper account for higher-order terms in the ǫ expansion for R 6 should make corresponding numerical estimates closer to those extracted from 2D RG and high-temperature series. Very good agreement between the first number (13) and the estimate R * 6 = 2.95 ± 0.03 [27] obtained by matching of the ǫ expansion with the exact results known for D = 1 and D = 0 may be considered as an argument in favor of this belief. One can find more details in recent comprehensive review [29] .
Along with the RG calculations at physical dimension and the ǫ expansion, some other field-theoretical approach may be employed to estimate the critical parameters of 2D Ising model. We mean the method of the pseudo-ǫ expansion (see Ref. 19 in [2] ). Pseudo-ǫ expansions for the Wilson fixed point coordinate g * and critical exponents can be easily derived from the RG series (3)-(5) using standart technique. They are as follows [30] :
Note that the higher-order terms in series (15) and (16) have small numerical coefficients and irregular signs. Smallness of these coefficients enables one to obtain accurate enough estimates for g * and critical exponent γ without addressing the Borel-transformation-based resummation methods.
To demonstrate this, conventional Pade triangles originating from (15) and (16) under τ = 1 are presented here (Tables 5 and 6 ). Since diagonal and near-diagonal Padé approximants are known to exhibite the best approximating properties, the numbers 1.751 and 1.837 from Table 5 should be referred to as most reliable estimates for g * . Averaging over them, we obtain g * = 1.794 which differs from the exact value g * = 1.75436 [24] by 2%. As seen from Table 5 , it is the five-loop approximation that provides so good numerical result; almost all lower-order approximations suffers from dangerous poles resulting in strongly scattered estimates. The same is true for the susceptibility exponent. Indeed, the numbers given Unfortunately, the pseudo-ǫ expansion technique turns out to be much less powerful when applyed to estimate "small" critical exponent η. Both the direct summation of the expansion (17) and Padé resummation of the series for "big" exponents γ and ν lead to the numbers differing by 0.1 and even more from the exact value η = 0.25 [30] . To the contrary, the pseudo-ǫ expansion for the ratio R 6 = g 6 /g 2 4
demonstrates good Padé summability. It is clearly seen from Table 7 [30] . Averaging over two working approximants [2/2] and [3/1] gives the number R 6 = 2.90 which is close to earlier estimates R 6 = 2.94 [21] , R 6 = 2.95 [27] , R 6 = 2.943 [26] , and to high-precision values R 6 = 2.94294 [24] , R 6 = 2.94238 [29, 31] . Usage of more advanced, Padé-Borel resummation technique shifts the pseudo-ǫ expansion estimate to R 6 = 2.94 [30] making it practically equal to just mentioned numbers.
The area where 2D λφ 4 field theory can be successfully applyed is not limited by Isinglike and 0(n)-symmetric systems. The RG analysis of 2D cubic, MN, chiral, and weakly disordered models proofs to be rather effective provided the higher-order -four-and five-loop -approximations are used [9, [32] [33] [34] . In particular, many-loop RG calculations reproduce with high accuracy the exact results known for 2D anisotropic systems with n-vector order parameters. Detailed description of the situation may be found in [9, 33, 34] . [11, 13] and strong coupling (SC) [12] expansions, found by Monte Carlo simulations (MC) [14, 15] , obtained by the constrained resummation of the ǫ-expansion for g * (ǫ-exp.) [13] , and given by corresponding 1/n-expansion (1/n-exp.) [13] are also presented for comparison. 
